Discrete element method simulations of confined bidisperse granular shear flows elucidate the balance between diffusion and segregation that can lead to either mixed or segregated states, depending on confining pressure. Results indicate that the collisional diffusion is essentially independent of overburden pressure. Because the rate of segregation diminishes with overburden pressure, the tendency for particles to segregate weakens relative to the re-mixing of particles due to collisional diffusion as the overburden pressure increases. Using a continuum approach that includes a pressure dependent segregation velocity and a pressure independent diffusion coefficient, the interplay between diffusion and segregation is accurately predicted for both size and density bidisperse mixtures over a wide range of flow conditions when compared to simulation results. Additional simulations with initially segregated conditions demonstrate that applying a high enough overburden pressure can suppress segregation to the point that collisional diffusion mixes the segregated particles.
I. INTRODUCTION
Flowing mixtures of particles varying in size or density rearrange, leading to either mixing or segregation (de-mixing) depending on whether the dominant species-specific motions are random or directed [1] [2] [3] [4] [5] . The random collision-driven re-arrangements are understood to be diffusion-like, with the diffusion coefficient depending on the product of the shear rate and the square of the mean particle diameter [6, 7] . The species-specific directed motions that lead to segregation are functions of particle properties, such as the size ratio [1, 2, 8, 9] or density ratio [10] [11] [12] , and flow conditions, including the shear rate and local particle concentration [1, 3, 5, 13] .
In contrast to free surface flows, the influence of confining pressure on segregation and diffusion in granular shear flows has been relatively unexplored. For segregation, experimental studies using split-bottom or annular shear cells under variable confining pressure indicate that the rate of segregation in granular shear flows decreases with increasing overburden [14, 15] . For diffusion, on the other hand, the confining pressure does not significantly affect diffusion of mm-sized glass beads in an experimental simple shear experiment [6, 16] .
Likewise, in DEM simulations of low concentrations of small particles in shear flows of large particles, the diffusion is only a weak function of overburden pressure at small overburden pressures [17] .
We recently used DEM simulations to show that in dense flows of equal volume mixtures of size or density bidisperse particles, the rate and ultimate degree of segregation are decreasing functions of the overburden pressure [18] . Furthermore, we found that the segregation rate in size or density bidisperse flows is nearly linearly dependent over a wide range of flow conditions on the inertial number, I =γd/ P/ρ, which includes the effects of shear rate, γ, particle diameter, d, overburden pressure, P , and particle density, ρ. A similar inertial number dependence was found for the rate of density segregation of a single intruder particle in shear flows of less dense particles [12] .
To extend the understanding of overburden pressure effects on diffusion and segregation sufficiently to predict the state of mixedness in confined granular flows, we measure the diffusion coefficient in steady granular shear flow under various flow and confinement conditions. Using this understanding of the pressure dependence of diffusion, combined with the previously measured segregation dependence on pressure, we are able to apply a continuum model for segregation, similar to that described in previous research [3, 5, 11, 13, 19, 20] .
At overburdens much larger than the lithostatic pressure at the bottom of the particle bed, i.e., P ≫ ρ B gh, where ρ B is the bulk density of the particles, g is the acceleration due to gravity, and h is the depth of the particle bed, the continuum model predicts that the system reaches a near fully-mixed steady state, irrespective of whether the initial conditions are mixed or segregated. This suggests that a simple shear cell under high confining pressure can mix size or density bidisperse particles at shear rates that would normally lead to nearcomplete segregation without an imposed overburden, such as in free-surface flows. To test this concept, we perform a series of simple shear simulations under high confining pressures beginning from initially segregated conditions, to test whether overburden pressure can be used to drive mixing for materials that would normally segregate in free surface flows.
II. VARIABLE OVERBURDEN SHEAR FLOW
The effect of confining pressure (overburden) on diffusion is studied here using DEM simulations described in detail in a previous study [18] and here in the Appendix. Briefly, a massive top wall is placed on a bed of size or density bidisperse mm-sized spherical particles and is moved horizontally at constant velocity to generate a simple planar shear flow under a specific confining pressure, P , as shown schematically in Fig. 1 . The top wall is free to move vertically to provide a constant overburden, and exhibits small temporal fluctuations in height (< 2%) as the bed dilates to accommodate different packings of the bed particles.
The distance between the top and bottom walls is h ≈ 25 mm, the length of the domain in the streamwise direction is l = 280 mm, and the width in the spanwise direction is w = 35 mm.
The domain is periodic in the spanwise and streamwise directions, i.e. particles leaving from one side of the domain re-enter on the opposite side. In order to avoid changes in the velocity profile with changing overburden pressure, a linear with depth velocity stabilizing force is applied to each particle in the streamwise direction at every time step, according to
where u x is the particle's streamwise velocity, y is the particle's vertical position,γ is the imposed global shear rate, and A is a control parameter [18] . A similar stabilizing force scheme has been used to control the velocity profile in simulations of frictionless particles [21, wall mass is varied to change the overburden pressure P , and the top wall is free to move vertically due to dilation or compaction of the particle bed. The particle bed shown here is truncated in the streamwise direction compared to actual simulations. Source: Reproduced with permission from
Fry et al. [18] . Copyright 2018 the American Physical Society.
22].
Since the normal and frictional forces that tend to alter the linear velocity profile scale with the local pressure, A is varied proportionally to the local pressure in the bed. In this way, the shear rate is nearly constant throughout the depth and under all confinement conditions, which allows direct study of the effects of overburden on diffusion as in previous work on segregation [18] .
Simulations are performed for both size bidisperse (large to small particle diameter ratio
and density bidisperse mixtures (heavy to light particle density ratio ρ H /ρ L = 9)
under a wide range of pressures (85 Pa ≤ P ≤ 21 kPa) and several mean particle sizes
, shear rates, and gravitational accelerations (see Table I ). Particle species of a given nominal size have a uniformly distributed size polydispersity of ±10% in size bidisperse cases and ±20% in density bidisperse cases to reduce particle layering or other ordering. The number of particles in each simulation ranges from 10 4 to 10 5 , depending on the particle diameter. 
III. INFLUENCE OF OVERBURDEN ON DIFFUSION
To quantify particle diffusion, we measure the mean squared displacement of every particle in the spanwise (z) direction, and average it over the system at time t as
where n p is the number of particles in the system. The diffusion coefficient D z is then fit to the data as
where ∆t is a time interval over which the particle motion is diffusive. The MSD z data (not shown) is analyzed in each simulation over the time interval 0.1 s ≤ t ≤ 3 s after the onset of shear as segregation is just beginning, and is linear as a function of time, indicating that the behavior is diffusive. We consider the spanwise diffusion, since it is more difficult to measure in other directions due to the mean flow in the streamwise (x) direction and the segregation in the vertical (y) direction. Furthermore, since the boundary conditions are periodic in the spanwise direction, the confinement effects that occur in the vertical direction, which is bounded by walls on the top and bottom, are avoided. Nevertheless, measurements of indicate that it is super-diffusive. We note that the diffusion tensor has been shown to be isotropic in some studies [16, 23] but not in others [7, 24, 25] . In any case, since segregation in this planar shear flow geometry is solely in the vertical direction, the influence of streamwise diffusion is not a factor in the following analyses.
Previous studies [6, 7, 26 ] report a linear relationship between the diffusion coefficient and the product of the shear rate and the square of the mean particle diameter. To test this relation, D z is plotted versusγd 2 in Fig. 2(a,b) . The data collapse onto the same line, Table. I.
values for the transverse (non-flow) directions (C D,y and C D,z ) for dense granular flows, which have been reported experimentally by Bridgwater (0.051-0.057 [6] ), Hsiau and Shieh (0.020-0.025 [25] ), and Utter and Behringer (0.108 [7] ) and computationally by Savage and Dai (0.051 [23] ) and Fan et al. (0.01-0.1 [5, 27] ).
To demonstrate the effect of overburden pressure on diffusion, the normalized diffusion
is plotted versus normalized overburden P/(ρ B gh) in Fig. 3 for size and density bidisperse data from shear flows with varying P ,γ,d,ρ, and g. The figure shows that diffusion is independent of pressure for both size and density bidisperse flows over a range of overburden pressures that corresponds to two orders of magnitude in the mean pressure in the bed. This is consistent with previous experimental [6] and computational [17] The implication is that diffusion is simply a geometry-dependent random walk, influenced by the nature of granular packings and possibly particle shape, while the segregation -which depends dramatically on overburden pressure -appears to be force-dependent.
IV. CONTINUUM MODELING OF CONFINED FLOWS
Having determined the pressure dependence of segregation previously [18] and here diffusion in size and density bidisperse flows, we test whether the continuum model developed previously for free surface flows can accurately predict the mixing behavior of these confined flows. This transport equation for granular flows [3, 5, 11, 13, 19, 20] , adds a species-specific segregation flux to the advection-diffusion equation:
where c i is the concentration of a given species, u is the mean velocity field, D is the diffusion coefficient, which is assumed to be isotropic [5, 16] , and w p,i = Sγ(1 − c i ) is the species-specific segregation velocity, with S a coefficient dependent on particle size ratio [9] or density ratio [11] . This expression for w p,i is consistent with the kinetic sieving model of Savage and Lun [1] for size bidisperse particles. Although a relation that is nonlinear in concentration [28, 29] describes the segregation flux slightly more accurately over the full range of concentrations, the first order relation for w p,i above, which is linear in c, is sufficiently accurate for the purposes of this paper.
For simplicity, we compare the steady state solution of the continuum equation to the steady state segregation from the DEM results. Since the conditions are steady and fully developed, and since there is no net velocity in the vertical or spanwise directions, the first two terms of equation (4) are zero, and the right hand side depends only on the second derivative in y. The resulting ordinary differential equation has a solution for the predicted depthwise concentration profiles with the simple form [13, 30] :
where λ = C Dd 2 /(Sh) is a nondimensional ratio of segregation to diffusive time scales, C D = 0.042 is the leading coefficient for diffusion described in Fig. 2 , S is the segregation coefficient in the segregation velocity equation, h is the height of the shear cell, and A = e 1/(2λ) is an integration constant for equal volume mixtures that satisfies the condition Note that the steady-state degree of segregation is insensitive to the shear rate, since both D and w p,i are linear inγ [30] . Note also that the steady state degree of segregation increases with the depth of the bed, as the relative size of the layers adjacent to the "mixing interface" atỹ = 0.5 decreases compared to the total depth of the bed, i.e. in deeper beds particles must diffuse a longer distance to impact the degree of segregation than in shallow beds.
This explains the finding of the previous study [18] that the bed height h is a relevant length scale for the steady-state degree of segregation but not for the rate of segregation (where the relevant length scale is the mean particle sized).
The segregation coefficient, S is calculated by combining a size ratio [9] or density ratio [11] dependent correlation with a correction for overburden pressure [18] determined previously for size and density bidisperse flows, respectively, as
where d S and d L are the small and large particle diameters, respectively, in size bidisperse mixtures,d is the mean particle diameter
, and ρ H and ρ L are the heavy and light particle densities, respectively, in density bidisperse mixtures. In order to apply the analytical solution, we calculate the segregation velocity for each simulation based on the value of the pressure at the midline of the shear cell,P = P + ρ B gh/2. Although a more accurate prediction could be attained by using a local value of pressure in equations (6) and (7) and solving equation (4) Beyond this specific case, the question is whether the simple pressure-dependent segregation rate and pressure-independent diffusion rate are generally successful at predicting steady-state segregation under various flow conditions using the continuum model. We test this by extracting a single segregation parameter from the DEM results and the analytical solution to the continuum model, denoted asỹ R,f , that tracks the final vertical location of the center of mass of the rising species in the shear cell (e.g., large particles in size bidisperse flows or light particles in density bidisperse flows). As described previously [18] , the final position of the center of mass of rising particles above the half-height of the shear cell is nondimensionalized by h/4 so that this metric equals 0 for perfect mixing and 1 for perfect segregation.
We plotỹ R,f versus overburden pressure, P/(ρ B gh), in Fig. 5 for both size and density bidisperse flows. For the size bidisperse cases in Fig. 5(a) , the continuum model prediction agrees quite well with the DEM results for all of the cases tested -the mean error between them is less than 5% over a range of overburden pressures that corresponds to two orders of magnitude in the mean pressure in the bed. The segregation parameter,ỹ R,f , asymptotes to a value less than 1 (i.e., imperfect segregation) at low overburden, since some diffusion is always present to partially mix the particles at the interface between the two particle species.
In the density bidisperse cases of Fig. 5(b) , there are separate curves for two predictions based on the continuum model: one in which segregation rate is assumed to go to 0 at a critical pressure P crit = 20ρ B gh, above which segregation ceases altogether according to our previous study [18] , and another in which a critical pressure is not included in the continuum model.
Both predictions agree with the segregation data for P < 4ρ B gh, although the continuum model tends to over-predict segregation in most cases at low overburdens by about 10 %, since some light particles are stuck at the bottom wall of the shear cell, as noted above.
At high overburdens, using the critical pressure in the continuum model predicts that the segregation ceases above the critical pressure, while the prediction without accounting for the critical pressure shows a slow decay in segregation at high overburden pressures. The DEM data displays a dependence on pressure somewhere between these two predictions.
The mean error between the density bidisperse simulation results and the predictions of the continuum model that includes a critical cutoff pressure is 18% over a range of overburden pressures that corresponds to two orders of magnitude in the mean pressure in the bed.
V. ENHANCED MIXING THROUGH PRESSURE
The steady state prediction of the continuum model is insensitive to initial conditions and thus implies that shear flow under high confining pressures should mix particles that begin from an otherwise stably segregated state. To examine this hypothesis, we perform simulations of initially segregated beds at high overburden, P = 20ρ B gh, above which little segregation occurs [18] , corresponding to small values ofỹ R,f in Fig. 5 . Figure 6 shows side view images of the shear cell at the initiation of shear and after 50 s, at which point the system has long since reached steady state (which occurs at t ≈ 10s), for four cases. If low overburden pressures [i.e., P < ρ B gh in Fig. 5 ] were applied, all initial conditions would produce a "stable" segregated configuration with large or light particles concentrated above small or heavy particles in the shear cell, similar to that shown for the initial conditions in Fig. 6(b) for size segregation and Fig. 6(d) for density segregation. However, when high Given that confining pressure has such a demonstrably large effect on the segregation-mixing landscape, it is a useful avenue of study for applications where it is desirable to suppress segregation and enhance mixing. glacial till deformation [34, 35] . At the least, the knowledge of the dependence of segregation and diffusion on overburden pressure can be incorporated into existing models of segregation in granular flows.
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Appendix: Simulation method
Uniform shear flows of granular materials are simulated using a soft-sphere discrete element method (DEM) [36] similar to that used in our previous work [5, 9, 11, 18, 26] . The for normal and tangential contacts, respectively. In the case of static tangential contact, the tangential displacement is β(t) = t ts V t ij dt [37] , where V t ij is the instantaneous tangential velocity between contacting particle surfaces, t is the current time, and t s is the time of initial contact. For sliding tangential contact, the friction coefficient is µ = 0.4. The normal collision parameters are calculated as k n = (π/t c ) 2 + γ 2 n m ef f and γ n = − ln (ε)/t c , and the tangential parameters are calculated as k t = 2/7k n and γ t = 2/7γ n , where ε = 0.8 is the restitution coefficient, m ef f = m 1 m 2 /(m 1 + m 2 ) is the effective mass per collision, and t c = 1.25 × 10 −4 s is the binary collision time. Note that the particle stiffness k changes with the inverse square of the binary collision time, t c . When particles collide with walls, the walls are modeled as flat frictional planes and the forces are determined from the same contact equations as for particle-particle collisions.
Equation A.2 contains a tangential damping term, because particles in DEM simulations under confining pressure have a tendency to oscillate about contact points in static loading, which causes nonphysical enduring kinetic energies in a particle bed that ought to be static, although the nonphysical kinetic energies are several orders of magnitude smaller than the translational kinetic energies of the particles during shear flow. The integration scheme used is the symplectic Euler algorithm, but results using the Verlet algorithm [38] display no significant differences. The symplectic Euler algorithm is also used to calculate the vertical position of the top wall, according to the balance between the wall weight and contact forces with the top layer of particles (as discussed in Section II). For numerical stability, the integration timestep is ∆t = t c /40 [9] .
